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1. Introduction

Steel ladles, constructed with refractories and steel components,
play a crucial role in secondary steelmaking metallurgy. They act
as transfer and refining vessels for molten steel and are exposed
to a harsh operating environment during service.[1,2] Therefore, a
well-designed steel ladle increases its lifetime, steel quality, and
productivity, favors environment-friendly missions, and reduces
energy consumption and refractory costs.[1,2]

The design and optimization of a steel
ladle lining is a complex process because
the thermal and thermomechanical perfor-
mance of a lining is affected by several fac-
tors, such as process conditions[3–7] and
lining configurations,[8–15] for instance,
presence or absence of an insulation, lining
thicknesses, material selection, and joints.
Significant efforts have been devoted
toward facilitating the design and optimiza-
tion of steel ladle linings. Previous
studies[3–5] revealed that using ladles with-
out preheating may lead to the compressive
failure of the working lining owing to the
high compressive stresses on the hot face.
These stresses can be reduced by a 15–20 h
preheating;[6] a 30min preheating during
the empty ladle process can raise the aver-
age temperature of the working lining by
130.3 K and reduce the molten steel tem-
perature drop rate by 0.11 Kmin�1 com-

pared to a case without preheating.[7] The application of an
insulating layer between the permanent lining and the steel shell
has a significant influence on the performance of the ladle.[4,8–10]

In contrast, the presence of the insulating layer can reduce heat
loss and lower shell temperatures. However, it may cause higher
operating temperatures[9] and higher irreversible strains[4] in the
inner refractory linings, reducing the lifetime of the lining. A
study by Santos et al.[9] revealed that working lining materials
with lower thermal conductivities exhibited excellent perfor-
mance in saving energy and reducing average shell tempera-
tures. The application of a C-free working layer can reduce
the tapping temperature by 16 °C and energy consumption by
20% because of the hindered heat transfer due to the lack of car-
bon and the presence of lower thermal conductivity phases, for
instance, microporous phases.[11] Homogenized numerical mod-
els were developed by Ali et al.[12,13] to simulate the transient
thermomechanical behavior during a typical steel–ladle thermal
cycle. The working lining and bottom of the ladle were replaced
with an equivalent material model that considered the presence
of dry joints and their closure and reopening under cyclic ther-
mal or mechanical loading/unloading. The results demonstrated
that the behavior of mortarless masonry is orthotropic and non-
linear owing to joint closure and reopening, and the thermal
stresses in the wall of the working lining, bottom, and steel shell
decreased with increasing joint thickness. A decreased
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The present research attempts to simultaneously optimize the thermal and
thermomechanical behavior of a steel ladle lining. The lining configurations are
designed with an L32 orthogonal array considering the input parameters of various
material properties and lining thicknesses. From the finite-element (FE) simula-
tions, three responses are evaluated: the end temperature and maximum tensile
stress at the steel shell and the maximum compressive stress at the hot face of the
working lining. Multi-response optimization is performed through grey relational
analysis (GRA) and the technique for order preference by similarity to ideal solution
(TOPSIS) by applying a distinguishing coefficient of 0.5 in GRA and the signal-to-
noise (S/N) ratio-based weight in both techniques. Both GRA and TOPSIS results
yield the same best solution (the fourth lining configuration) and the same optimal
levels for significant factors. Analysis of variance (ANOVA) is used to identify the
significance of the factors and their contributions to the overall performance
characteristic. The results demonstrate that the top five factors with the analyses of
GRA and TOPSIS are the same and their total contribution is similar.
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maximum von Mises stress in the steel shell was obtained when
the bricks at the bottom were arranged with the longer edge in
the circumferential direction of the cylinder and themortar joints
were 3mm.[14] Li et al.[15] proposed the use of at least 2 mm axial
expansion joints of the ladle bottom to reduce the contact stresses
between the working and permanent layers.

Previous studies mainly focused on the influence of one or
two factors and the quantitative significance of the factors for
responses has not been reported. However, steel ladle lining
optimization from the thermal and thermomechanical perspec-
tive is a multi-objective optimization problem. Therefore, a
methodology that provides holistic design and quantitative infor-
mation is required. Santos et al.[16] proposed an evolutionary
screening procedure (ESP) for the material selection of furnace
linings and applied it to an electric resistance furnace. ESP is a
systematic selection methodology based on a quantitative
strategy, whereby furnace designers can save time and visualize
scenarios with more reliable information. Exploration of variable
codes was developed in the framework of the integration variable
method by Asgher et al.[17] for the material selection of a
metallurgical ladle based on system constraints. Santos and
Asgher aimed to obtain a lining configuration with a low total
lining thickness, material costs, and external temperature;
however, thermomechanical performance was not considered.
In a previous study,[18] the authors introduced a single objective
optimization technique, the Taguchi method, to optimize
the thermal and thermomechanical behavior of a ladle lining.
The Taguchi method offered the optimal solution and the percent-
age of factor contribution for each response; however, it is not suit-
able for optimizing the multiple responses simultaneously. When
some factors have a contradictory impact on different responses, it
poses a challenge when making trade-off decisions. For instance,
thicker insulation results in lower steel shell temperatures and
higher tensile stresses on the steel shell. In this case, expert expe-
rience is required to inform the decisions.

The present study aims to simultaneously optimize the thermal
and thermomechanical behavior of a steel ladle lining using multi-
response optimization techniques, grey relational analysis (GRA),
and the technique for order preference by similarity to ideal solu-
tion (TOPSIS). A mixed-level orthogonal array L32 (49� 21) was
applied to the lining concept design, considering the material
properties and lining thicknesses. FE modeling was performed
to obtain the thermal and thermomechanical responses.
Subsequently, GRA and TOPSIS were employed to convert the
multiple responses to a single response and rank the lining con-
figurations to select the best solution. The combination of optimal
levels of factors and the percentage of factor contribution to the
overall performance characteristic were obtained through the sig-
nal-to-noise (S/N) ratio and analysis of variance (ANOVA).

2. Methodology

2.1. Establishment of the Factor-Response dataset

The lining at the slag-line area shows the highest wear rate in the
ladle and was selected for the study. Ten factors describing slag-
line area lining were selected for the lining concept design. These
factors (Table 1) were the thicknesses of the refractory linings

and steel shell, thermal conductivity, and Young’s modulus of
the lining materials. The lining configurations were designed
in a previous study[18] by applying a mixed-level orthogonal array
L32 (4

9� 21) with 9 four-level factors and a two-level factor for the
steel ladle thickness. This reduced the total number of lining con-
figurations from 524 288 to 32.

Thermal and thermomechanical responses were obtained
through FE simulations considering the elastic material behavior
using the commercial software ABAQUS. The responses were
the end temperature and the maximum tensile stress at the cold
end of the steel shell and the maximum compressive stress at the
hot face of the working lining. Figure 1 illustrates the simplified
plane strain model representing a horizontal cut through the
slag-line area in the upper part of the steel ladle.[18] The model
was composed of a two-half brick working and permanent lining,
an insulation layer, a fiberboard, and a steel shell. The circum-
ferential expansion allowance between bricks was 0.4mm.
The model with two symmetrical halves was advantageous for
the contact simulation. The simulated process included preheat-
ing of the hot face of the working lining for 20 h to 1100 °C, tap-
ping the steel melt of 1600 °C into the ladle, refining for 95min,
and a 50min idle period. The displacement of the linings was
free in the radial direction and constrained in the circumferential
direction under a symmetry condition. The heat transfer between
the melt and the hot face of the working lining and the cold
end of the steel shell and the atmosphere was defined by the
temperature-dependent surface film condition function in
ABAQUS. The heat flux crossed the interfaces between the lining
materials. Radiation and convection were considered using a
heat transfer coefficient.

Table 1. Geometrical and material property factors of a steel ladle.[18]

Impact factors Levels Label
of factors

1 2 3 4

Thickness [mm] Working lining 250 200 155 50 A

Permanent lining 130 110 90 65 B

Insulation lining 37.5 25 15 6 C

Steel shell 30 20 J

Thermal conductivity
[Wm�1 K�1]

Working lining 9 8.5 7 3 D

Permanent lining 9 5 3 2.2 E

Insulation lining 1.35 0.5 0.35 0.15 F

Young’s
modulus [GPa]

Working lining 100 80 60 40 G

Permanent lining 90 45 30 10 H

Insulation lining 35 4 3 0.17 I

Figure 1. Plane strain model of the steel ladle slag zone lining.[18]
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2.2. GRA

Deng proposed the grey system theory to address poor, incom-
plete, and uncertain information.[19] GRA[20] is a part of the grey
system theory and has been successfully applied to solve
multi-response optimization problems in several fields.[21–24]

In the steelmaking industry, it has been used in the determina-
tion of high-correlation indexes with silicon content in a blast
furnace,[25] evaluation of the influencing factors of heat transfer
in a blast furnace hearth,[26] optimization of the flow control
device in the tundish,[27] and determination of the key factors
affecting the hot metal temperature in a blast furnace.[28]

The optimization procedure using GRA is shown in Figure 2.
The calculation steps involved in GRA are as follows.

Step 1: Normalization of the values of the responses to the
range [0,1] with the equation for “the-lower-the-better” character-
istic (Equation (1))[29] as in this study lower temperatures and
stresses are desired

y�ij ¼
maxðyijÞ � yij

maxðyijÞ �minðyijÞ
(1)

where y�ij is the normalized value of the jth response in the ith

alternative, yij is the value of the jth response in the ith alterna-
tive, and maxðyijÞ and minðyijÞ are the maximum and minimum
values of yij, respectively.

Step 2: Calculation of the grey relational coefficients (GRCs)
using Equation (2)–(5)[29] is as follows.

ξij ¼
Δmin þ φΔmax

Δ°
ij � φΔmax

(2)

Δ°
ij ¼ jy�°j � y�ijj (3)

Δmax ¼ max
∀i

max
∀j

jy�°j � y�ijj (4)

Δmin ¼ min
∀i

min
∀j

jy�°j � y�ijj (5)

where ξij is the GRC of the jth response in the ith alternative;
φ is the distinguishing coefficient, which is limited in the range
0 < φ < 1[30] and generally φ ¼ 0.5 is used;[31–34] y�°j denotes the

optimum value of the jth response; Δ°
ij is the deviation value

between y�°j and y�ij, and Δmax and Δmin are the maximum and

minimum values of Δ°
ij, respectively.

Step 3: Calculation of the grey relational grades (GRGs) using
Equation (6) is as follows.[29]

γi ¼
Xn
j¼1

wjξij (6)

where γi is the GRG of the ith alternative, wj is the weight of the
jth response, and n is the number of responses.

In this study, the S/N ratio-based weight was determined and
applied using the following equations.

S
N

¼ �10 log
1
m

Xm
i¼1

y2i

 !
(7)

wj ¼
Pp

i¼1 Deltai,jPn
j¼1

Pp
i¼1 Deltai,j

(8)

wherem is the number of alternatives at one level of one factor, yi
is the value of the ith alternative at one level of one factor, p is the
number of factors, n is the number of responses, and Deltai,j is
the difference between the maximum andminimum S/N ratio of
one factor.

2.3. TOPSIS

TOPSIS was pioneered by Hwang and Yoon in 1981.[35] It is a
multi-objective decision-making approach that is widely used
to determine the best alternative among an alternative set.
Using TOPSIS, multiple responses are converted into a single
response that is represented by the relative closeness to the ideal
solution. The best alternative is the solution with the shortest and
farthest Euclidean distance from the ideal and anti-ideal
solutions, respectively. In the steelmaking industry, TOPSIS
has been employed to select materials for furnaces,[16,36] access
symbiotic technologies,[37] select green and sustainable
suppliers,[38,39] adjust the burden surface in a blast furnace,[40]

and solve the hot-rolling batch-scheduling problem.[41] The
implementation procedure (Figure 3) of TOPSIS comprises sev-
eral steps and is described as follows.

Step 1: Normalization of the responses using Equation (9) is
calculated as follows.

γij ¼
yijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1 y

2
ij

q (9)

where γij is the normalized value of the jth response in the ith
alternative, yij is the value of the jth response in the ith alterna-
tive, and N is the number of alternatives.

Step 2: Calculation of the weighted normalized responses
using Equation (10) is as followsFigure 2. Flowchart of the optimization procedure using GRA.
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vij ¼ γij � wj (10)

where vij is the weighted normalized value of the jth response in
the ith alternative, wj is the weight of the jth response, andPn

i¼1 wj ¼ 1 is for a dataset with n responses.
Step 3: Determination of the ideal (Aþ) and anti-ideal

(A�) solutions for “the-lower-the-better” characteristic using
Equation (11) and (12) is as follows.

Aþ ¼ fvþ1 , vþ2 , : : : vþn g ¼ min
1≤i≤N

ðvijÞ, j ¼ 1, 2, : : : , n (11)

A� ¼ fv�1 , v�2 , : : : v�n g ¼ max
1≤i≤N

ðvijÞ, j ¼ 1, 2, : : : , n (12)

where vþn and v�n denote the ideal and anti-ideal solutions of the
nth response, respectively; N is the number of alternatives; n is
the number of responses.

Step 4: Calculation of Euclidean distances to the ideal (Aþ) and
anti-ideal (A�) solutions using Equation (13) and (14) as follows.

Dþ
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
j¼1

ðvij � vþj Þ2
vuut (13)

D�
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
j¼1

ðvij � v�j Þ2
vuut (14)

Step 5: Calculation of the relative closeness of each alternative
to the ideal solution is as follows.

Cþ
i ¼ D�

i

Dþ
i þ D�

i
(15)

The relative closeness Cþ was used to rank the alternatives.
A high Cþ value indicates a better performance and the best alter-
native was that with the highest Cþ value.

3. Results and Discussion

3.1. Optimization with GRA

3.1.1. Best Solution

The values of all cases for each response were normalized using
Equation (1). Subsequently, the GRCs for each response were
determined using Equation (2)–(5) and a distinguishing coeffi-
cient of 0.5. Finally, the GRGs of all cases were obtained using
Equation (6) considering the S/N ratio-based weights (computed
using Equation (7) and (8)) which were 0.48, 0.28, and 0.24 for
the temperature, tensile stress, and compressive stress, respec-
tively. In this step, the multiple response problem was converted
into a single-response (GRG) problem. The normalized values,
the GRC of each response, and the GRG are provided in
Table 2. The ranking of the lining configurations is shown in
Figure 4. A higher GRG value indicates a better performance.
Thus, the fourth case provides the best thermal and thermome-
chanical performance among all the lining configurations.
The configuration of the fourth case is summarized in
Table 3. The detailed thermal and thermomechanical perfor-
mance of the fourth case is shown in Figure 5. The cold end tem-
perature at the end of the idle time was 170 °C. The maximum
compressive stress at the hot face and maximum tensile stress at
the cold end during the simulation was 542 and 1111MPa,
respectively. The value ranges of all 32 cases (temperature
[132, 434], compressive stress [423, 1025], and tensile stress
[1110, 2279]) confirmed the good overall thermal and thermome-
chanical performance of the fourth case.

3.1.2. The Combination of Optimal Levels

To obtain the combination of optimal levels, the S/N ratios were
calculated for GRG. Because a higher GRG value indicates a bet-
ter performance, Equation (16)[42] for the larger-the-better char-
acteristic was employed to evaluate GRG. For each factor, the
optimal level was that with the highest S/N ratio. As shown
in Figure 6, the combination of optimal levels for GRG was
A1B1C1D4E2F4G4H3I4J1

S
N

¼ �10 log
1
m

Xm
i¼1

1
y2i

 !
(16)

where m is the number of alternatives at one level of one factor
and yi is the value of the ith alternative at one level of one factor.

3.1.3. Factor Contribution

ANOVA, a statistical tool, was used to quantitatively assess the
main factors affecting the GRGs obtained with a distinguishing
coefficient of 0.5. The percentage contribution of each factor to
GRG is shown in Figure 7. The results demonstrate that the fac-
tor G, Young’s modulus of the working lining, which contributes
46.92% to the GRG, is the dominant factor. The following sig-
nificant factors are the thermal conductivity of the working lining
(D), the thickness of the insulation (C), the thickness of the work-
ing lining (A), and the thermal conductivity of the insulation (F).
These top five factors contribute 89% of the total contribution

Figure 3. Flowchart of the optimization procedure using TOPSIS.
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and are related to the thicknesses and material properties of the
working lining and insulation.

3.2. Optimization using TOPSIS

3.2.1. Best Solution

The values of the responses were normalized using Equation (9).
The weighted normalized responses were determined using
Equation (10), considering the S/N ratio-based weights, which
were 0.48, 0.28, and 0.24 for the temperature, tensile stress,
and compressive stress, respectively. After the normalization,
the ideal (Aþ) and anti-ideal (A�) solutions were determined
using Equation (11) and (12). The Euclidean distances from

the alternatives to the ideal (Dþ
i ) and anti-ideal (D�

i ) solutions
were computed using Equation (13) and (14). The relative close-
ness of the alternatives to the ideal solution (Cþ

i ) is computed
using Equation (15). The normalized responses, weighted nor-
malized responses, Dþ

i , D
�
i , and Cþ

i are provided in Table 4.
The alternative with the highest relative closeness, Cþ, is consid-
ered the best solution. According to the ranking of relative close-
ness (Figure 8), the fourth lining configuration was the best
among the 32 cases.

3.2.2. The Combination of Optimal Levels

Equation (16) for the larger-the-better characteristic was used to
compute the S/N ratios for relative closeness (Cþ). The optimal

Table 2. Normalized responses, GRC, and GRG.

Case number Normalized responses GRC GRG

Temperature Tensile stress Compressive stress Temperature Tensile stress Compressive stress

1 0.5693 0.4038 0.0415 0.4676 0.5532 0.9233 0.4679

2 0.6673 0.4269 0.2691 0.4283 0.5395 0.6501 0.5162

3 0.6861 0.5808 0.5266 0.4216 0.4626 0.4871 0.5705

4 0.8781 0.9991 0.7857 0.3628 0.3335 0.3889 0.8332

5 0.6931 0.4132 0.1063 0.4191 0.5475 0.8247 0.5124

6 0.3778 0.5595 0.3256 0.5696 0.4719 0.6056 0.4648

7 0.7008 0.4919 0.5465 0.4164 0.5041 0.4778 0.5651

8 0.7746 1.0000 0.7841 0.3923 0.3333 0.3894 0.7781

9 0.6354 0.5227 0.4136 0.4404 0.4889 0.5473 0.5313

10 0.8894 0.0000 0.0515 0.3599 1.0000 0.9066 0.5695

11 0.3361 0.8854 0.8837 0.5980 0.3609 0.3613 0.6285

12 0.6325 0.8777 0.4684 0.4415 0.3629 0.5163 0.6176

13 0.0213 0.7853 0.3023 0.9591 0.3890 0.6232 0.4580

14 0.1979 0.7032 0.0000 0.7165 0.4156 1.0000 0.4397

15 0.6419 0.2344 0.9601 0.4379 0.6808 0.3424 0.6130

16 0.6878 0.9683 0.5415 0.4210 0.3405 0.4801 0.6836

17 0.7365 0.4611 0.9302 0.4044 0.5202 0.3496 0.6600

18 0.5172 0.4679 0.6910 0.4916 0.5166 0.4198 0.5283

19 1.0000 0.0950 0.3339 0.3333 0.8404 0.5996 0.6829

20 0.9008 0.3388 0.0615 0.3569 0.5961 0.8905 0.6047

21 0.7915 0.3661 0.9385 0.3871 0.5773 0.3476 0.6763

22 0.9356 0.1078 0.6379 0.3483 0.8227 0.4394 0.6654

23 0.2501 0.5654 0.5133 0.6665 0.4693 0.4934 0.4634

24 0.6714 0.4234 0.1246 0.4269 0.5415 0.8005 0.5069

25 0.2978 0.3704 0.7093 0.6267 0.5744 0.4135 0.4754

26 0.3193 0.4919 0.9734 0.6103 0.5041 0.3393 0.5702

27 0.6596 0.3550 0.2741 0.4312 0.5848 0.6459 0.5058

28 0.7912 0.4671 0.3189 0.3872 0.5170 0.6105 0.5758

29 0.0000 0.7802 0.6794 1.0000 0.3906 0.4239 0.5005

30 0.3299 0.7288 1.0000 0.6025 0.4069 0.3333 0.6267

31 0.3060 0.3464 0.2276 0.6204 0.5907 0.6872 0.4166

32 0.6767 0.3533 0.3173 0.4249 0.5860 0.6118 0.5151
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level of one factor was the level with the highest S/N ratio among
all levels. The S/N ratio for Cþ is shown in Figure 9. The com-
bination of optimal levels was A1B1C1D4E3F4G4H1I4J1.

3.2.3. Factor Contribution

ANOVA was performed to evaluate the significance of the factors
to the relative closeness Cþ. The percentage contributions of the
factors to Cþ are shown in Figure 10. Factor A, the thickness of
the working lining, was the most significant factor for Cþ. It con-
tributed 26.68% to Cþ. The second most important factor was
factor D, the thermal conductivity of the working lining, with
a contribution of 23.06%. The subsequent significant factors

were the thickness of the insulation (C), thermal conductivity
of the insulation (F), and Young’s modulus of the working
lining (G). The contributions of factors C, F, and G to Cþ were

Figure 4. GRG for all cases.

Table 3. The configuration of the fourth case.

Thickness
[mm]

Thermal conductivity
[Wm�1 K�1]

Young’s modulus
[GPa]

Working lining 250 3 40

Permanent lining 65 2.2 10

Insulation 6 0.15 0.17

Steel shell 30

Figure 5. The thermal and thermomechanical performance of the fourth case: a) temperature distribution at the end of the idle time, b) maximum
compressive stress at the hot face, c) maximum tensile stress at the cold end.

Figure 6. S/N ratio for GRG.

Figure 7. Factor contribution to GRG.
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16.77%, 12.38%, and 8.22%, respectively. The total contribution
of the top five factors to Cþ was 87%.

3.3. Comparison of GRA and TOPSIS

The multi-response optimization problem was converted
into a single-response optimization problem using GRA and
TOPSIS. GRA and TOPSIS results indicated that the fourth lin-
ing configuration was the best solution among the 32 alterna-
tives. In comparison with the optimal level combination
obtained from GRA (A1B1C1D4E2F4G4H3I4J1), the TOPSIS
results (A1B1C1D4E3F4G4H1I4J1) demonstrated that the opti-
mal levels of factor E (thermal conductivity of the permanent lin-
ing) and factor H (Young’s modulus of the permanent lining)

differed from those of GRA. The factor contributions from
GRA and TOPSIS results indicated that these two factors were
not the top significant factors. Therefore, the combination of
optimal levels for significant factors (A1B1C1D4F4G4I4J1)
was the same as that of GRA and TOPSIS. The top five most
significant factors for GRG and Cþ were the same. The sum
of the percentage contributions of the top five factors to GRG
(89%) and Cþ(87%) was similar.

3.4. Comparison of GRA and TOPSIS with the conventional
Taguchi method

The conventional Taguchi method is a single-response optimiza-
tion technique. In this case, the three responses must be

Table 4. Normalized responses, weighted normalized responses, Dþ
i , D

�
i , and Cþ

i .

Case number Normalized responses Weighted normalized responses Di
þ Di

� Ci
þ

Temperature Tensile stress Compressive stress Temperature Tensile stress Compressive stress

1 0.1714 0.1879 0.2351 0.0823 0.0526 0.0564 0.0561 0.0558 0.4988

2 0.1521 0.1851 0.2029 0.0730 0.0518 0.0487 0.0447 0.0657 0.5951

3 0.1484 0.1664 0.1664 0.0712 0.0466 0.0399 0.0368 0.0704 0.6570

4 0.1104 0.1155 0.1298 0.0530 0.0324 0.0311 0.0137 0.0939 0.8729

5 0.1470 0.1868 0.2259 0.0705 0.0523 0.0542 0.0466 0.0674 0.5914

6 0.2093 0.1690 0.1949 0.1005 0.0473 0.0468 0.0651 0.0421 0.3926

7 0.1454 0.1772 0.1636 0.0698 0.0496 0.0393 0.0367 0.0711 0.6598

8 0.1308 0.1154 0.1300 0.0628 0.0323 0.0312 0.0226 0.0853 0.7904

9 0.1584 0.1735 0.1824 0.0760 0.0486 0.0438 0.0431 0.0645 0.5992

10 0.1081 0.2370 0.2337 0.0519 0.0664 0.0561 0.0480 0.0845 0.6376

11 0.2176 0.1294 0.1159 0.1045 0.0362 0.0278 0.0633 0.0532 0.4566

12 0.1590 0.1303 0.1747 0.0763 0.0365 0.0419 0.0395 0.0689 0.6356

13 0.2799 0.1415 0.1982 0.1343 0.0396 0.0476 0.0962 0.0287 0.2298

14 0.2450 0.1515 0.2410 0.1176 0.0424 0.0578 0.0840 0.0304 0.2659

15 0.1571 0.2085 0.1051 0.0754 0.0584 0.0252 0.0429 0.0696 0.6188

16 0.1480 0.1193 0.1643 0.0710 0.0334 0.0394 0.0335 0.0754 0.6924

17 0.1384 0.1810 0.1093 0.0664 0.0507 0.0262 0.0311 0.0783 0.7157

18 0.1818 0.1801 0.1432 0.0872 0.0504 0.0344 0.0504 0.0567 0.5295

19 0.0862 0.2255 0.1937 0.0414 0.0631 0.0465 0.0382 0.0957 0.7146

20 0.1059 0.1958 0.2323 0.0508 0.0548 0.0557 0.0401 0.0864 0.6826

21 0.1275 0.1925 0.1081 0.0612 0.0539 0.0260 0.0294 0.0826 0.7378

22 0.0990 0.2239 0.1507 0.0475 0.0627 0.0362 0.0333 0.0915 0.7330

23 0.2346 0.1683 0.1683 0.1126 0.0471 0.0404 0.0746 0.0352 0.3206

24 0.1513 0.1855 0.2233 0.0726 0.0519 0.0536 0.0474 0.0655 0.5804

25 0.2252 0.1920 0.1406 0.1081 0.0538 0.0337 0.0707 0.0392 0.3568

26 0.2209 0.1772 0.1032 0.1060 0.0496 0.0248 0.0669 0.0479 0.4171

27 0.1536 0.1939 0.2022 0.0737 0.0543 0.0485 0.0462 0.0645 0.5825

28 0.1275 0.1802 0.1958 0.0612 0.0505 0.0470 0.0355 0.0776 0.6863

29 0.2841 0.1422 0.1448 0.1364 0.0398 0.0348 0.0959 0.0352 0.2684

30 0.2188 0.1484 0.0994 0.1050 0.0416 0.0239 0.0643 0.0525 0.4492

31 0.2236 0.1949 0.2088 0.1073 0.0546 0.0501 0.0744 0.0323 0.3029

32 0.1502 0.1941 0.1961 0.0721 0.0543 0.0471 0.0443 0.0663 0.5991
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individually optimized. The Taguchi results[18] revealed that
some factors had a contradictory influence on different
responses, as summarized in Table 5. For instance, larger thick-
nesses of the working lining (A), insulation (C), and insulation
with lower thermal conductivity (factor F) result in lower temper-
atures at the cold end of the steel shell; however, they cause
higher tensile stresses at the steel shell. Similarly, the working
lining with a larger Young’s modulus offers lower compressive
stresses at the hot face of the working lining but results in
higher tensile stresses at the steel shell. Decision-makers can
prioritize larger thicknesses of the working lining (A) and
insulation (C) and lower the Young’s modulus of the working
lining (G), as these factors contribute significantly to one
response than the other. For instance, factor A contributes
31% to the end temperature and 5% to the tensile stress.
However, factor F is a significant factor for the two responses,
which contributes 20% to the end temperature and 24% to
the tensile stress. Therefore, it is difficult to make a trade-off
and more quantitative information about the significance of
the factors is desired.

Multiple responses can be optimized simultaneously using
GRA and TOPSIS. Both techniques can convert multiple
responses into a single response. After employing the S/N ratio
and ANOVA, the optimal levels and factor contributions
were obtained. With GRA and TOPSIS, the difficulties in han-
dling factors that have a contradictory influence on different
responses are solved, and the quantitative factor contribution
for multiple responses is provided for decision-makers.
For instance, the optimal levels of factors A, C, and G are the
same with those obtained using the Taguchi method. For
factor F, which is difficult to handle using the Taguchi method,
quantitative information was provided by the GRA and TOPSIS
results.

4. Conclusion

GRA and TOPSIS were successfully applied to simultaneously
optimize the thermal and thermomechanical behavior of a
steel ladle lining considering the influence of lining thicknesses
and material properties. GRA and TOPSIS results after applying
a distinguishing coefficient of 0.5 in GRA and the S/N ratio-
based weight in both methods indicated the same best
solution (the fourth lining configuration), the same optimal
levels for the significant factors, and the same top five factors
with a total contribution similar to the overall performance
characteristic.

GRA and TOPSIS can optimize multiple responses simulta-
neously and overcome the disadvantages of the conventional
Taguchi method, e.g., expert experience is required to inform
decisions when a factor has a contradictory influence on different
responses. The ladle lining is a complex system and the final opti-
mized solution should also take the situation into account. For
instance, the bricks that are available and whether their proper-
ties are close to the optimal values. Therefore, the multi-response
optimization of linings considering commercial refractory mate-
rials and irreversible material behavior, such as creep, tensile fail-
ure, and shear failure, is of interest for future research.

Figure 8. Relative closeness to Cþ
i .

Figure 9. S/N ratio for the relative closeness to Cþ.

Figure 10. Factor contribution to Cþ.
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